We consider an asymptotically free, vectorial, N = 1 supersymmetric gauge theory with gauge group G and N f pairs of chiral superfields in the respective representations R andR of G, having an infrared fixed point (IRFP) of the renormalization group at αIR. We present exact results for the anomalous dimensions of various (gauge-invariant) composite chiral superfields γΦ prod at the IRFP and prove that these increase monotonically with decreasing N f in the non-Abelian Coulomb phase of the theory and that scheme-independent expansions for these anomalous dimensions as powers of an N f -dependent variable, ∆ f , exhibit monotonic and rapid convergence to the exact γΦ prod throughout this phase. We also present a scheme-independent calculation of the derivative of the beta function, dβ/dα|α=α IR , denoted β 
I. INTRODUCTION
An important fact about quantum field theories is that their properties depend on the Euclidean energy/momentum scale µ at which these properties are measured. The change in these properties as a function of µ is described by the renormalization group (RG). Asymptotically free gauge theories are particularly amenable to renormalization-group analysis because the running gauge coupling, g(µ), goes to zero in the limit of large µ in the deep ultraviolet (UV), so that in this regime one can describe the theory accurately using perturbative methods. The dependence of g(µ), or equivalently, α(µ) = g(µ)
2 /(4π), on µ, is described by the beta function,
where dt = d ln µ.
Here we consider an asymptotically free, vectorial, N = 1 supersymmetric gauge theory with gauge group G and N f pairs of massless chiral superfields Φ i andΦ i transforming according to the respective representations R andR of G [1] . In an asymptotically free theory of this type, as µ decreases from large values in the UV toward µ = 0 in the infrared, α(µ) increases. There are several possible types of infrared behavior, depending on the gauge group and matter content of the theory. We focus on the case in which the beta function has a zero at a certain value α = α IR , which is an IR fixed point (IRFP) of the renormalization group. Thus, as µ decreases from the UV to the IR, α(µ) increases (monotonically) from 0 to the limiting value α IR . In this IR limit, the theory is scale-invariant, and is inferred to be conformally invariant [2] . The combination of this conformal invariance with the supersymmetry means that the theory is invariant under a superconformal algebra. We denote the full operator dimension of a physical (gauge-invariant) operator O as D O . In general, this can be written as
where D O,free is the Maxwellian dimension that the operator would have in a free theory and γ O is the anomalous dimension of O [3] . In this paper we present new scheme-independent results on the values of physical quantities at this superconformal IR fixed point. These quantities include anomalous dimensions of gauge-invariant operators, γ O and the derivative of the beta function, β ′ ≡ dβ/dα, evaluated at α = α IR and thus denoted γ O,IR and β ′ IR . Specifically, we present exact results for anomalous dimensions of various (gauge-invariant) composite chiral superfield operator products Φ prod and study the properties of schemeindependent expansions of these operators as power series in ∆ f , where ∆ f is an N f -dependent expansion variable given in Eq. (2.27) below. [4] [5] [6] . We prove that these anomalous dimensions increase monotonically with decreasing N f in the non-Abelian Coulomb phase of the theory and that scheme-independent expansions for these anomalous dimensions as powers of ∆ f exhibit monotonic and rapid convergence to the exact γ Φ prod throughout this phase. We also present a scheme-independent calculation of β and R = F , the fundamental representation. Previously, we have presented results for the anomalous dimension γ M,IR of a meson-type chiral superfield using n-loop series expansions and scheme-independent series expansions [7] - [17] . The current paper substantially extends our earlier results. This paper is organized as follows. Some relevant background and methods are discussed in Section II. In Section III we prove several theorems on anomalous dimensions of (gauge-invariant) chiral superfields. In Sections IV-VI we present exact results on anomalous dimensions of various composite chiral superfield operators. These are generalized to theories with higher-dimension matter chiral superfields in Section VII. Section VIII contains our results on β ′ IR . For the case G = SU(N c ) and R = F , Section IX contains an analysis of properties in the limit N c → ∞ and N f → ∞ with the ratio N f /N c fixed and finite. Our conclusions are given in Section X.
II. BACKGROUND AND METHODS
In this section we review some background and methods that we will use in our calculations. We consider an asymptotically free N = 1 supersymmetric vectorial gauge theory with gauge group G and N f copies (flavors) of matter chiral superfields Φ i andΦ i , 1 ≤ i ≤ N f , transforming as the R andR representations of G, respectively. We write the decomposition of the matter chiral superfield Φ in terms of component fields (with group and flavor indices suppressed here) as
where φ, ψ, and F are, respectively, the scalar, fermionic, and auxiliary component fields, and θ is an anticommuting Grassmann variable. The chiral superfield W α contains the gluino λ α and the field-strength tensor F a µν , where here α and a are spinor and gauge indices, respectively.
The beta function of this theory has the series expansion
where b ℓ is the ℓ-loop coefficient andb ℓ = b ℓ /(4π) ℓ . The first two coefficients, which are scheme-independent [18] , are [19, 20] 
and [21] 
The requirement of asymptotic freedom restricts N f to be less than an upper (u) bound N u , i.e., 5) where 6) Note that N u is not necessarily an integer [22] . The anomalous dimension of a (gauge-invariant) operator O has a series expansion in powers of the coupling of the form
where c O,ℓ is the ℓ-loop coefficient. In particular, for a chiral superfield Φ, one may write
From a calculation of the contribution of instantons to the action, Novikov, Shifman, Vainshtein, and Zakharov (NSVZ) derived a closed-form expression for the beta function [23] : 9) where γ M is the anomalous dimension of the fermion bilinear that occurs in the (gauge-invariant) quadratic chiral superfield operator product. We focus here on the IR non-Abelian Coulomb phase (NACP), to be discussed further below, in which the nonanomalous global chiral symmetry of the theory is exact. Although we will analyze meson and baryon operators, as well as other gaugeinvariant products of chiral superfields later in the paper, it should be kept in mind that there is no confinement in this NACP, and hence no physical mesons or baryons.
The reason that we restrict to gauge-singlet operators is so that the corresponding anomalous dimensions are gauge-invariant and hence physical.
In the NACP, a quadratic chiral superfield operator transforms according to an (irreducible) representation of this global chiral symmetry. Since the anomalous dimensions are the same for these different representations (see, e.g., [24] ), we denote the common anomalous dimension simply as that for the singlet representation, corresponding to the quadratic operator productΦΦ = N f i=1Φ i Φ i . Since this corresponds to the (gauge-invariant) fermion bilinearψψ in a non-supersymmetric vectorial gauge theory, the anomalous dimension γ M has often been denoted as γψ ψ in our previous papers [7, [12] [13] [14] [15] [16] .
A number of exact results have been established about the (zero-temperature) IR phase structure of the theory [23, 25, 26] . In the IR limit µ → 0, α(µ) approaches the limiting value α IR . In particular, the theory flows from the UV to a non-Abelian Coulomb phase (NACP) in the IR if 10) where
As with N u , note that N ℓ is not necessarily an integer; it is the actual physical lower end of the NACP if and only if it is an integer. In particular, we note the important special case 12) so that in this special case, N ℓ is only physical if and only if N c is even. This is to be understood implicitly below, when N ℓ is referred to as the lower end of the nonAbelian Coulomb phase [27] . Throughout the paper we will often consider a formal generalization in which N f is analytically continued from the non-negative integers to the (non-negative) real numbers, with the understanding that physical values of N f are positive integers. One reason for doing this is to study the behavior of various quantities as N f approaches N u from below and N ℓ from above in the non-Abelian phase.
The two-loop beta function has an IR zero if N f is in the interval N f,b2z < N f < N u , where
As we discussed in [7] , N f,b2z may be larger than or smaller than N ℓ , depending on the chiral superfield representation R. One has
This difference can be positive or negative. For the fundamental representation, R = F , 15) which is positive. However, for example, for the adjoint representation, R = adj, this difference is negative:
For general G, the supersymmetric theory under consideration here is invariant under a classical continuous global (gb) symmetry
where the first and second U(N f ) groups consist of operators acting on Φ = (Φ 1 , ..., Φ N f ) andΦ = (Φ 1 , ...,Φ N f ), respectively, and the U(1) R group is defined by the commutation relations 18) where the Q α and Q † α are the generators of the supersymmetry transformations (with α a spinor index here). The U(1) A symmetry is anomalous, due to instantons, so the actual nonanomalous continuous global symmetry of the theory is
This symmetry is exact at a superconformal IRFP in the non-Abelian Coulomb phase. Usually, for a U(1) (global or gauge) symmetry, the physics is invariant under a multiplication of the charges of all fields by a nonzero real constant. However, the situation is different for the U(1) R symmetry in a superconformal field theory; in this case, the R charges of chiral superfields under the (global) U(1) R symmetry are uniquely determined [26, [28] [29] [30] [31] .
The representations of the matter chiral superfields under the gauge and global symmetry groups are listed in Table I for the generic case in which the representation R is complex. The case of (real) R will be discussed below.) We recall the derivation of the R-charge assignment to Φ andΦ (noting also that one can take R Φ = RΦ). This assignment can be determined by the condition that the U(1) R symmetry should not have a triangle anomaly determines the R charges of Φ (where the gauge and flavor indices are suppressed in the notation). The R charge of the fermionic component ψ in Φ is R ψ = R Φ − 1. Given that R λ = 1 for the gluino, λ, the sum of the contributions to the triangle anomaly from the gluino, and the Φ andΦ matter superfields are C A + 2(R Φ − 1)T f N f . The condition that this sum must be zero yields
For the U(1) R symmetry to be non-anomalous, it is also necessary that, similarly to the situation in nonsupersymmetric theories, the one-loop contribution is not modified by higher-order contributions, and this requisite property holds [32] . One can construct gauge-invariant quadratic operator products of the "meson"-type, namely
where, as above, i and j are flavor indices and the group indices are implicit, with it being understood that they are contracted in such a way as to yield a singlet under the gauge group G. As a holomorphic product of chiral superfields, M j i is again a chiral superfield. The fermionic bilinear operator product in
, where C is the conjugation Dirac matrix and we follow the usual convention of writing the holomorphic chiral superfields as left-handed. Because the global symmetry (2.19) is exact in the NACP, the meson-type quadratic chiral superfields transform according to (irreducible) representations of the group G gb . We focus on the anomalous dimension of the diagonal operator ΦΦ = N f i=1Φ i Φ i evaluated at the IRFP α IR , which we denote as γ M .
Consider next the case where G = SU(N c ) and R = F . The transformation properties of the matter chiral superfields in this theory under the global symmetry group G gb are listed in Table II . Since we focus on the non-Abelian Coulomb NACP, where an IRFP is exact, N f must lie in the interval (3/2)N c < N f < 3N c . Therefore, N f automatically satisfies the requirement N f ≥ N c to construct the baryonic composite chiral superfield operator
and the corresponding operator involving theΦ chiral superfields, 23) where here the a k and the i ℓ are group and flavor indices, respectively and ǫ a1...aN c is the totally antisymmetric tensor density for the SU(N c ) gauge group. (If N f < N c , the operator products (2.22) and (2.23) vanish identically.). Since the flavors are equivalent with respect to the gauge interaction, we will henceforth suppress the flavor dependence in the notation. The full scaling dimensions of Φ andΦ are equal, and the same is true for the full scaling dimensions of B andB, i.e., D B,F = DB ,F (where the subscript indicates that R = F , the fundamental representation), so that the anomalous dimensions of these baryonic operators, denoted γ B,F and γB ,F , are also equal. We thus have
We shall discuss baryonic chiral superfield operator products for the case where R is a higher-dimensional representation of G later in the paper. In general (suppressing flavor indices), from M , B, andB, one can construct a number of different composite gauge-invariant chiral superfields. We denote such a generic composite chiral superfield consisting of a (holomorphic) product of n M factors of a meson-type chiral superfield M times n B factors of B and nB factors ofB chiral superfields as Φ prod :
Here, to avoid cumbersome notation, the values of n M , n B , and nB are kept implicit in Φ prod ≡ Φ prod;nM ,nB ,nB . One could also include a factor (W α W α ) nW , but (2.25) will be sufficient for our present analysis.
There are several important quantities that characterize the properties of the superconformal field theory at the IRFP at α IR . These include the derivative
and the anomalous dimensions of various gauge-invariant composite chiral superfield operators evaluated at α = α IR such as γ M , γ B , γB, and γ Φ prod . (Here and below, we will often leave the dependence on R implicit in the notation.) As (gauge-invariant) physical quantities, β ′ IR and these anomalous dimensions are scheme-independent. However, the series expansions of these quantities in powers of α, calculated to a finite order, do not maintain this scheme-independence beyond the lowest orders. Hence, it is quite useful to calculate and analyze series expansions for these quantities that are scheme-independent at each order. An important property is that α IR ց 0 as N f ր N u . This property is also shared by a quantity that is manifestly scheme-independent, namely 27) where N u was defined in Eq. (2.6). The maximal value of ∆ f in the NACP is
As was observed by Banks and Zaks [4] (for a nonsupersymmetric vectorial gauge theory, in which N u = 11C A /(4T f )), ∆ f is a natural scheme-independent expansion variable. In addition to [4] , some early work with the ∆ f expansion was carried out in [5, 6] . In addition to our previous works on scheme-independent series expansions [12] [13] [14] [15] [16] , see also [33] .
One may write a scheme-independent series expansions of β ′ IR in powers of ∆ f as
In general, the calculation of d j requires, as inputs, the values of b ℓ with 1 ≤ ℓ ≤ j. The property that d 1 = 0, so that β ′ IR vanishes like ∆ 2 f as ∆ f → 0, was derived in [14] . This property is general and does not depend on whether the theory is supersymmetric or non-supersymmetric. A simple way to understand this result is to note that for either type of theory, the one-loop coefficient in the beta function has the form
One may write the scheme-independent series expansion of γ M at the superconformal IRFP in powers of ∆ f for a meson superfield operator:
The calculation of κ j requires, as inputs, the values of b ℓ with 1 ≤ ℓ ≤ j + 1 and c ℓ with 1 ≤ ℓ ≤ j. Similarly, the scheme-independent series expansion of γ B = γB ,IR at the IRFP in powers of ∆ f can be written as
More generally, the scheme-independent expansion for a gauge-invariant composite chiral superfield Φ prod consisting of a (holomorphic) product of an arbitrary number of mesonic, baryonic, and conjugate baryonic superfields, evaluated at the IRFP, can be written as
These are thus series expansions extending downward below N u in the non-Abelian Coulomb phase. The truncations of these infinite series to order j = p inclusive are denoted β
, and γ Φ prod ,∆ p f , respectively.
For a scalar operator (other than the identity), the condition of unitarity in a conformal field theory implies the lower bound [28, 29, 34] 
This bound holds regardless of whether the theory is supersymmetric or not. In a supersymmetric conformal (i.e., superconformal) theory, one can take advantage of additional information about the operator dimensions. First, if a (composite or fundamental) chiral superfield O has R charge R O , then [26, 28-30, 34, 35] 
We recall that since D O is a physical quantity, the meaningfulness of this relation depends on the fact that in a superconformal theory, the R charges are uniquely determined. Since the U(1) R symmetry is exact in the nonAbelian Coulomb phase considered here, the R charge of an operator is a conserved quantity. The R charge of a holomorphic product of chiral superfields is the sum of the R charges of each of the chiral superfields in the product:
Hence, the full dimension of a holomorphic product Φ prod of chiral superfields Φ k , k = 1, ..., p, Φ prod = p k=1 Φ k , is the sum of the full dimensions of each chiral superfield in the product (e.g., [30] ):
Furthermore, the anomalous dimension of Φ prod is the sum of the anomalous dimensions of the individual Φ k superfields:
III. THEOREMS ON PROPERTIES OF THE ANOMALOUS DIMENSIONS OF COMPOSITE CHIRAL SUPERFIELDS
In this section we prove some theorems on the properties of anomalous dimension γ Φ prod of a gauge-invariant composite chiral superfield consisting of a (holomorphic) product of powers of Φ and/orΦ (where flavor indices are suppressed). Our results for the anomalous dimensions γ Φ prod of various particular composite chiral superfields given later in the paper will illustrate these general theorems.
The properties of the R charge (2.20) form the basis of the resultant properties of the anomalous dimensions of the various composite chiral superfields that we will consider. We first use these properties to prove a general monotonicity theorem concerning the anomalous dimension of a chiral superfield operator containing products of Φ and/orΦ. This theorem applies for an arbitrary gauge group G and fermion representation. We recall that N ℓ = N u /2, as is evident in Eqs. (2.6) and (2.11). For the following discussion, we implicitly use the abovementioned generalization of N f from non-negative integers to real numbers. As N f decreases from N u to N ℓ in the NACP, R Φ decreases from 0 to −1. Since the full scaling dimension of a chiral superfield operator containing products of Φ and/orΦ satisfies (2.35) and since this full dimension is related to the anomalous dimension of the operator according to (1.2), it follows that the anomalous dimension γ O is a monotonically increasing function of decreasing N f in the NACP, which increases from γ O = 0 at the upper end of the NACP to a maximal value at the lower end of the NACP.
We next prove a theorem on the structure the anomalous dimension of a general composite chiral superfield containing products of Φ and/orΦ, and the coefficients f Φ prod ,j in (2.33). To do this, we first express R Φ = RΦ as a function of ∆ f , obtaining
Combining this with Eqs. (2.35) and (1.2), it follows, as a second theorem, that the anomalous dimension of a general composite chiral superfield containing products of Φ and/orΦ, evaluated at the superconformal IRFP, is of the form
where C is a ∆ f -independent constant depending on G, the fermion representation, and the structure of Φ prod . Hence, as a corollary to this theorem, we find that the coefficient
That is, up to an overall multiplicative factor C, γ Φ prod is a geometric series in powers of ∆ f , with the coefficients given in Eq. (3.3). As is evident in Eq. (3.3) is positive, this coefficient f Φ prod ,j is positive. This leads to two further monotonicity theorems. Define γ Φ rmprod ,∆ p f as equal to the right-hand side of Eq. (2.33) with the upper limit j = ∞ replaced by j = p, i.e., the truncation of this infinite series to order O(∆ p f ). Then the positivity of the coefficients f Φ prod ,j implies, as the third and fourth theorems, that (i) for fixed p,
, to the exact γ Φ prod , is a monotonically increasing function of ∆ f , i.e., of decreasing N f , and (ii) for fixed N f and thus
is a monotonically increasing function of the truncation order, p. We had noted these monotonicity results in our earlier work for γ M [12] [13] [14] [15] [16] , and here we prove them in general.
A fifth theorem concerns the region of analyticity of the expression for γ Φ prod in (3.2) and the corresponding radius of convergence of the series expansion (2.33) in powers of ∆ f . As is evident in Eq. (3.2), this exact explicit expression for γ Φ prod is an analytic function of ∆ f in the complex ∆ f plane within a disk defined by
and, correspondingly, the infinite series (2.33) converges for all ∆ f in this disk. This region of convergence covers the entire non-Abelian Coulomb phase because the maximal value of ∆ f in this phase, as given by Eq. (2.28), is (∆ f ) max,N ACP = N u /2.
IV. ANOMALOUS DIMENSION γM
In this section we discuss some results on γ M at a superconformal IRFP that will be used in the paper. Since
the full dimension of the quadratic chiral superfield operator M (at the superconformal IRFP) is
and hence
where N u depends on R. Expressing this anomalous dimension in terms of ∆ f , we have
One sees that this general derivation is consistent with the NSVZ beta function. This can be seen from the fact that at the IRFP, β N SV Z = 0; solving this equation yields the result (4.3). Expressing γ M as a function of ∆ f , we obtain the same results as in Eqs. (4.4) and (4.5).
For an N = 1 supersymmetric gauge theories with general G and R, γ M was calculated up to three-loop order in [7] and studied further in [8] - [11] . Concerning the scheme-independent series expansion (2.31), for general G and R, κ 1 and κ 2 were calculated in [12] , while for G = SU(N c ) and R = F , κ 3 was computed in [15] . These calculations used the beta function coefficients b 1 -b 4 and the anomalous dimension coefficients c 1 -c 3 from [19, 21, 36] . Importantly, we found that the results of our scheme-independent calculations of the κ j for this supersymmetric gauge theory agreed perfectly with the Taylor series expansion of the exact expression (4.4).
Furthermore, as is evident from the exact result (4.4), the small-∆ f expansion of the exact result is (absolutely) convergent for |∆ f | < N u , i.e.,
This covers all of the non-Abelian Coulomb phase, which extends from
We next discuss the limiting values of γ M at a superconformal IRFP at the upper and lower end of the NACP. If one formally generalizes N f from the positive integers to real numbers and lets N f decrease from N u to N ℓ in the NACP, γ M increases monotonically from 0 to 1, saturating the upper bound allowed by conformal invariance at the lower end of the NACP. This behavior holds for general matter chiral superfield representation R and is a consequence of the fact that N ℓ = N u /2. As stated, this is formal, because, in general, neither N u nor N ℓ is an integer, so the physical N f , restricted as it is to integer values, cannot necessarily take on either the value N u at which γ M = 0 or the value N ℓ at which γ M ր 1, saturating the upper bound from conformality. In order for N f to be able to reach N ℓ , it is necessary that N ℓ be an integer. In the case G = SU(N c ) with R = F , (i) N u is always an integer, but (ii) since N ℓ = (3/2)N c , it follows that N ℓ is an integer if and only if N c is even. If, on the other hand, N c is odd, then as N c decreases from N u = 3N c in the NACP, it cannot actually reach N ℓ since the latter is half-integral. In this case, γ M does not saturate its conformality upper bound at the lower end of the NACP. In this case where the matter chiral superfield representation is R = F , one may avoid this complication by taking the limit N c → ∞, N f → ∞ with the ratio r = N f /N c fixed and finite. As will be discussed below, in this limit, r is a real number and can always reach the lower end of the non-Abelian Coulomb phase, so that γ M always saturates its upper bound from conformal invariance.
It should be noted that the ∆ f expansion avoids a problem in which an IRFP may not be manifest as a physical IR zero of the n-loop beta function for some n. Indeed, although the two-loop beta function, β 2ℓ , and the three-loop β 3ℓ , calculated in the DR scheme, have physical α IR,nℓ zeros for N f,b2z < N f < N u in this supersymmetric theory [7] , we find that the four-loop beta function, β 4ℓ (calculated in the DR scheme), does not exhibit a physical IR zero, α IR,4ℓ , for a substantial range of N f in this interval. This is similar to what we found for α IR,5ℓ in the non-supersymmetric gauge theory [37] . In both cases, the ∆ f expansions (2.31) and (2.29) circumvent this problem of a possible unphysical α IR,nℓ that one may encounter in using the conventional expansions (2.2).
In this section we specialize to the theory with gauge group G = SU(N c ) and N f pairs of chiral superfields Φ a,i andΦ a i (where a and j are group and flavor indices) in the fundamental and conjugate fundamental representations, denoted F andF , with Young tableaux and , respectively. The matter content of this theory is summarized in Table II The R charges of the basic chiral superfields are given in Table II . From Eq. (2.36), it follows that
Combining this with Eq. (2.35), one has the known exact result
where we indicate R = F explicitly. Hence, the (equal) anomalous dimensions of B andB at the superconformal IRFP are
In Fig. 1 we plot the the value of γ B,F at the IRFP calculated to order O(∆ p f ) with 1 ≤ p ≤ 3, in comparison with the exact value, Eq. (5.3), for the illustrative value N c = 3. As was true of γ M , we see that these O(∆ p f ) truncations of the infinite series converge rapidly to the exact result.
Expressed as a function of
From Eqs. (4.4) and (5.3), one sees that γ B,F is simply proportional to γ M,F :
As N f ր 3N c , i.e., ∆ f ց 0, the common anomalous dimension γ B,F = γB ,F vanishes, and as N f ց (3/2)N c , i.e., ∆ f ր (3/2)N c , it approaches the value lim
from below. These baryonic composite chiral superfields have spin 0 (and are not equal to the identity), so their respective full dimensions are bounded by the unitarity constraint from conformality, D B ≥ 1 and DB ≥ 1. This implies the upper bounds
and thus also γB ,F ≤ N c − 1. Except for the case N c = 2, where, owing to the reality of the representations of SU (2), the baryonic and mesonic composite chiral superfield operators are equivalent, the anomalous dimensions of the B andB operators at the IRFP do not saturate their unitarity upper bound. This is true, in particular, for the infinite set of even values of N c , for which N ℓ is an integer and hence is physical. This behavior is in contrast to the situation that we found for the anomalous dimension γ M,F , which does saturate its upper bound of 1 as N f ց N ℓ (assuming that N c is even so that N ℓ is an integer).
VI. ANOMALOUS DIMENSIONS OF COMPOSITE CHIRAL SUPERFIELDS
In this section we derive exact expressions for the full dimension and hence also the anomalous dimension of a variety of composite chiral superfields. We first discuss a SU(N c ) theory with N f pairs of matter chiral superfields Φ i andΦ i , i = 1, ..., N f , transforming as the F and F representations, respectively. Our explicit results illustrate the general theorems that we have proven above concerning these anomalous dimensions. We consider the composite chiral superfield Φ prod in Eq. (2.25). Using Eqs. (2.36), we have
Using Eq. (2.35), we have
Hence,
One sees that for the special case (n M , n B , nB) = (1, 0, 0), the general result (6.3) reduces to Eq. (4.3), while for the special cases (n M , n B , nB) = (0, 1, 0) and (n M , n B , nB) = (0, 0, 1), Eq. (6.3) reduces to Eq. (5.3). Expressing Eq. (6.3) as a function of ∆ f yields the result
In agreement with our general monotonicity theorem proved above, this anomalous dimension γ Φ prod increases monotonically as a function of ∆ f or equivalently decreasing N f in the NACP. As N f decreases below N u , γ Φ prod increases monotonically from 0 to a maximum of lim
From the conformality lower bound on the full dimension, D Φ prod ≥ 1, one obtains the corresponding upper bound
Expanding the exact expression in Taylor series, we read off the coefficient f Φ prod ,j as
As is evident from Eq. (6.4), this series converges if
This includes all of the NACP for this theory.
VII. BARYONIC OPERATORS WITH CHIRAL SUPERFIELDS IN HIGHER-DIMENSIONAL REPRESENTATIONS
A. General
Here we derive corresponding exact results for anomalous dimensions of (gauge-invariant) composite chiral superfield operators in (a vectorial, asymptotically free, N = 1 supersymmetric) SU(N c ) gauge theory containing N f pairs of matter chiral superfields transforming according to respective higher-dimensional representations R andR of the gauge group. As part of our analysis, we consider cases in which the representation is real (or pseudoreal), i.e., R =R. For a given type of higherdimensional representation R, the value of N f is subject to the constraints that (i) the theory is asymptotically free, so N f < N u , where N u was given in Eq. (2.6), and N f ≥ N ℓ , where N ℓ was given in Eq. (2.11), since we focus here on an exact IRFP in the non-Abelian Coulomb phase.
For a general representation R of the matter chiral superfield, the representations (charges) under the (anomaly-free) global symmetry can be read from Table  I . If the gauge representation is real or pseudoreal, then the global symmetry is enhanced, and the matter chiral superfield has the representations given in Table III . Real representations include the (i) all representations of SU (2), (ii) the adjoint representation of a general group G, and (iii) the antisymmetric rank-k representation of SU(2k).
B. Adjoint Representation
If R is the adjoint representation, then N u = 3/2 and N ℓ = 3/4, which allows just one Dirac value of N f , namely N f = 1. Since the adjoint representation is real, this is equivalent to N f = 2 Majorana chiral superfields. Furthermore, owing to the reality of the adjoint representation, composite superfields of baryon and meson type are equivalent. We denote these by M j i , and they are written as
where the trace is over color indices, and i, j are flavor indices. The full scaling dimension of this operator is
and therefore the anomalous dimension is
Thus, γ M,adj takes the values 1/2 and −1/4 for the cases N f = 1, 2, respectively. Note that these values are independent of N c . Expressed as a function of
We thus identify the coefficient κ j for this case as
As before, formally continuing N f from its allowed integral values to real values, we may study the properties of the small-∆ f expansion to the exact result. In Fig. 3 we plot O(∆ p f ) approximations to γ M,adj , together with the exact result. As is evident from this figure and from Eq. (7.3), finite truncations of this series converge rapidly to the exact result in the NACP. As we will see, this rapid convergence is also true of the other anomalous dimensions that we calculate below.
C. Rank-2 Symmetric Tensor Representation
Here we consider the case in which G = SU(N c ) and R = S 2 , the rank-2 symmetric tensor representation. If N c = 2, then the S 2 representation is the adjoint representation, which we have already discussed. Therefore, we take N c ≥ 3. Here,
and
so that the non-Abelian Coulomb phase is comprised of the integer values of N f in the formal interval N ℓ ≤ N f < N u , i.e.,
The condition that N f should be in the NACP restricts N f . For example, for the values N c = 3 and N c = 4 the inequality (7.8) reads 9/10 < N f < 9/5 and 1 ≤ N f < 2, respectively, allowing only the integer value N f = 1. For N c = 5, the inequality (7.21) reads 15/14 < N f < 15/7, allowing only the integer value N f = 2, and more generally, for N c ≥ 5, the inequality (7.8) only allows the value N f = 2. As N c → ∞, the inequality (7.8) approaches the limiting form 3/2 < N f < 3, with only the solution N f = 2. For N c ≥ 3, the S 2 representation is complex, so we consider both meson and baryon chiral superfield operator products. The meson product is
where the trace is over the color indices and Φ a1a2,i = Φ a2a1,i . The full scaling dimension of this operator is 10) and the anomalous dimension is
As is clear from Eq. (7.11), this is of the form (4.3) with N u = N n,S2 . Expressed in terms of ∆ f = N u − N f , one obtains the special case of (4.4) for the present theory with N u = N u,S2 given by (7.6). As was the case with R = F , since N ℓ is not, in general, an integer, N f cannot actually decrease all the way to be equal to N ℓ , so γ M,S2 does not actually saturate its upper bound γ M,S2 ≤ 1 from conformal invariance. However, if one formally analytically continues N f from integers to real numbers, then this N f can decrease all the way to N ℓ at the lower boundary of the NACP, so γ M,S2 does saturate this upper bound. In Fig. 4 we plot O(∆ p f ) approximations to γ M,S2 , together with the exact result, for the case N c = 3. We see again that finite truncations of this series converge rapidly to the exact result throughout the NACP.
The baryon and antibaryon operators in this case are
Nc ,iN c (7.12) and
13) The way in which the color indices are contracted is similar to the determinant of a matrix. This is the reason we have included the 1/(N c !) normalization factor. These operators have R charge
. (7.14)
Hence, the full scaling dimensions of these operators are
. Formally continuing N f to real numbers and evaluating γ B at N f = N ℓ , we find
For all N c ≥ 3, this does not saturate the upper bound (7.17). Furthermore, for most values of N c , N ℓ is not an integer, so the physical values of N f do not allow N f to actually decrease all the way to N ℓ , and hence the largest value of γ B,S2 is actually smaller than N c /2.
D. Rank-2 Antisymmetric Tensor Representation
We next consider the case in which G = SU(N c ) and R = A 2 , the rank-2 antisymmetric tensor representation.
We (7.19) and 20) so that the non-Abelian Coulomb phase is comprised of the integer values of N f in the formal interval N ℓ ≤ N f < N u , i.e.,
As with the adjoint and S 2 representations, here also, the condition that N f should be in the NACP restricts 22) and the anomalous dimension is
Again, this is in accord with our general result (7.11) with N u = N u,A2 , and again, this can be expressed as a function of ∆ f = N u − N f , as in Eq. (4.4), with N u = N u,A2 . The same comments that were made above apply here, namely that if one formally continues N f from the integers to the real numbers, so that N f can decrease all the way to N ℓ , then γ M,A2 saturates its upper bound of 1. However, since N ℓ is not, in general, an integer, so that N f , restricted to physical, integral values, cannot actually reach N ℓ , then, just as was true with γ M,S2 , γ M,A2 does not saturate its upper bound from conformal invariance at the lower end of the NACP. In Figs. 6 and 7 we plot the anomalous dimension γ M,A2 to first, second and third order in ∆ f for N c = 4 and N c = 5, together with the respective exact results. Note that for N c = 4 the A 2 representation is real, so the meson and baryon operators are equivalent.
For the baryons and antibaryons, we need to distinguish between even and odd values of N c . For even N c = 2k, these are
while for odd N c , they are
Nc ,iN c (7.27) Thus, for even and odd values of N c , the respective baryon operators involves N c /2 = k and N c A 2 chiral superfields. Correspondingly, for even and odd N c , the contractions of the color indices are analogous to a Pfaffian and a determinant, respectively.
For even N c (denoted N ce), the full scaling dimension of the baryon and antibaryon operators is With the same analytic continuation as above,
Even with an analytic continuation of N f from the integers to the real numbers so that N f can actually reach down to N ℓ,A2 , this never saturates the unitarity upper bound from conformal invariance at the lower end of the NACP, since (N c /2) < N c − 1 for N c ≥ 3.
VIII. SCHEME-INDEPENDENT CALCULATION AND ANALYSIS OF β ′ IR

A. General
In this section we study the scheme-independent expansion for the derivative of the beta function evaluated at the superconformal IR fixed point, denoted β 
B. Calculation via Series Expansion in α
It is useful first to review the calculation of β ′ IR in [8, 9] using a conventional series expansion in powers of α up to three-loop order. In general, from Eq. (2.2), it follows that
where a = α/(4π) = g 2 /(16π 2 ). Evaluating the n-loop truncation of this series at the IR zero in the n-loop beta function, α IR,nℓ yields the n-loop value of the derivative, β ′ IR,nℓ . Since b 1 and b 2 are scheme-independent, this is also true of β ′ IR,2ℓ , for which one finds [8] 
For general G and R, β 
where a IR,3ℓ is the physical root of the quadratic equation above. The three-loop calculation in [8] used the value of b 3 in the DR scheme. As mentioned above, we have found that the four-loop beta function does not exhibit a physical IR zero over a substantial interval of N f in the NACP. That is, extracting the prefactor of a 2 in β 4ℓ , we have found that the cubic equation b 1 +b 2 a+b 3 a 2 +b 4 a 3 = 0 has no real positive zero in this range of N f . We will discuss this further in the subsection on the LNN limit.
In the special case G = SU(N c ) and R = F , Eq. (8.2) reduces to
To write an expression for the three-loop derivative, β ′ IR,3ℓ , it is convenient first to define two auxiliary polynomials in N c and N f :
We will discuss these n-loop calculations further in the LNN limit (9.1) below.
C. Calculation via Series Expansion in ∆ f
Proceeding the scheme-independent ∆ f expansion, we calculate, for general G and R,
To our knowledge, these results are new. If G = SU(N c ) and R = F , then these take the form
For this case of G = SU(N c ) and R = F , the next-higherorder coefficient is
where ζ s = ∞ n=1 n −s is the Riemann zeta function. These results for d j , 2 ≤ j ≤ 4 for G = SU(N c ) and R = F agree with equivalent quantities given in [6] . From these results for d j , 2 ≤ j ≤ 4, it is evident that the coefficients d j in expansion (2.29) for β ′ IR does not have the form of a geometric series. This is in contrast to our theorem above and the resultant Eq. (3.3) for the coefficient f Φ prod ,j in expansion of the anomalous dimension of a composite chiral superfield Φ prod in powers of ∆ f , which showed that the latter series is a geometric series. This is completely consistent with our theorem, since the Konishi supercurrent is not a (composite) chiral superfield.
The coefficients d 2 and d 3 are manifestly positive for any G and R. We find that d 4 is negative for all physical N c ≥ 2. These are qualitatively the same results that we found in [14] for non-supersymmetric theories, namely that for arbitrary G and R, d 2 and d 3 are positive and in the case G = SU(N c ) and R = F , d 4 is negative for all N c ≥ 2.
The perfect agreement that we have found between the κ j that we have calculated and the exact result (4.4) suggests that the same agreement could hold for the d j with 1 ≤ j ≤ 3 that we have calculated. That is, these should also agree with the d j coefficients obtained from the expansion of the exact β In Table IV we list the (scheme-independent) values that we calculate for β We next address the question of how well, for a given G, R, and N f , the ∆ f expansion for β ′ IR converges in this N = 1 supersymmetric gauge theory. We had carried out a similar analysis for the ∆ f expansions for γ M and β ′ IR in our previous work [12] - [16] . The ∆ f expansion is a series expansion about ∆ f = 0, i.e., N f = N u , at the upper end of the non-Abelian Coulomb phase. As ∆ f increases, i.e., as N f decreases below N u , one needs progressively more terms in this expansion to obtain an accurate estimate of a given quantity. In general, if f (z) is an analytic function at z = 0, then it has a Taylor series expansion
The radius of convergence of this series, z c , can be determined by the ratio test as
With the ∆ f expansion for β ′ IR considered as a Taylor series expansion, one could, in principle, calculate the radius of convergence (cv), |∆ f ,cnv | as
Clearly, it is not possible to apply this test precisely here for β ′ IR as a series in powers of ∆ f , since one does not know the d j for j → ∞. Nevertheless, one can obtain a rough estimate of the radius of convergence by calculating the ratios of adjacent coefficients for the first few d j . We define the estimate of the radius of convergence given by the ratio |d j /d j+1 | as
Correspondingly, for a given G and R, the minimum value of N f to which the small-∆ f expansion would be estimated to be convergent (denoted mc for "minimum (N f ) for convergence") is 20) where N u was given in Eq. (2.6). For general G and R, we have 21) and hence
This may lie above or below the lower end of the nonAbelian Coulomb phase at N ℓ , as determined by the difference
For example, for G = SU(N c ), this difference is positive for the fundamental representation, but negative for the adjoint representation. We now focus on the case of main interest here, namely G = SU(N c ) and R = F . For this case, 24) so that
Parenthetically, we observe that this difference is equal to the special case of N f,b2z (given in general in Eq. (2.13)) for G = SU(N c ) and R = F . The value N f,mc,(2,3) lies above the lower end of the non-Abelian Coulomb phase, as is evident from the difference
As N c → ∞, this difference approaches zero. For the ratio of the next higher-order coefficients, we find
, (8.27) so
.
(8.28) This value lies above the lower end of the NACP, as is evident from the difference N f,mc, (3, 4) 
In Table V we list values of N ℓ , N u , N f,mc, (2, 3) , N f,mc,(2,3) − N ℓ , N f,mc, (3, 4) , and N f,mc, (3, 4) − N ℓ for the illustrative cases N c = 2, 3, 4. Thus, our analysis of the first two ratios of coefficients in the small-∆ f series expansion for β ′ IR suggests that the small-∆ f expansion for β ′ IR may be reliable over a substantial portion of the non-Abelian Coulomb phase, including, in particular, the upper and middle parts. In general, one would not expect the small-∆ f expansion to apply reliably for small values N f , where the properties of the theory are qualitatively different from the properties in the non-Abelian Coulomb phase.
These results on the convergence of the small-∆ f expansion (2.29) for β ′ IR may be compared with our results for the convergence of the corresponding expansion (2.31) for γ M . As recalled above, we found from our calculation of the coefficients κ j in the latter expansion that they agreed perfectly with the Taylor series expansion of the exact result (4.4). This Taylor series expansion of (4.4) converges throughout the entire non-Abelian Coulomb phase. Superficially, from the analysis of the coefficients d j with j = 2, 3, 4 in the small-∆ f series expansion of β ′ IR , one might infer that this series expansion might not converge as rapidly as the small-∆ f expansion for γ M [6] . However, one would need more terms to get a better estimate of the actual region of convergence of the series expansion of β ′ IR in powers of ∆ f . Especially in view of our proof above that the series expansion in powers of ∆ f of the anomalous dimension γ Φ prod converges throughout the entirety of the non-Abelian Coulomb phase, we believe that it is plausible that the same is true of the corresponding series for β 
Aside from the solution ∆ f = 0, i.e., N f = N u , this equation has two solutions, corresponding to the roots of the quadratic factor. Of these, we denote the relevant one as ∆ 0 = N u − N f,0 . We calculate
where
(The other root of the quadratic factor, with the opposite sign in front of the square root, is greater than N u and hence is not relevant here, since we restrict N f < N u for asymptotic freedom.) Numerically, for the illustrative values N c = 2, 3, 4, our expression for N f,0 (understood to be continued from the positive integers to the positive real numbers) takes the respective values 3.5427, 4.1294, and 4.8496. In these three cases, as is evident from Table  V , N ℓ has the respective values =3, 4.5, 6, so that for R = F and G = SU (2) , N f,0 > N ℓ , while for SU(3) and SU (4) , N f,0 < N ℓ . Using electric-magnetic duality, it has been concluded that for G = SU(N c ) and R = F , β ′ IR vanishes quadratically at the lower end of the non-Abelian Coulomb phase at N f = N ℓ = (3/2)N c [38] :
Given the fact that our ∆ f expansion starts from the other (i.e., the upper) end of the non-Abelian Coulomb phase, we would not expect our calculations of β Table V . A general statement is that our calculations of series expansions for β ′ IR in both the nonsupersymmetric gauge theory [14] [15] [16] and the results present here for the supersymmetric gauge theory show qualitatively quite different behavior than we have found for both γ M and γ B . In the latter two cases, all of the coefficients in the small-∆ f expansion are positive, leading to the two monotonicity theorems mentioned above.
IX. RESULTS IN THE LIMIT OF LARGE
For this class of theories with G = SU(N c ) and R = F , an interesting limit is
fixed and finite and ξ(µ) ≡ α(µ)N c is a finite function of µ .
We will use the symbol lim LN N for this limit, where "LNN" stands for "large N c and N f " with the constraints in Eq. (9.1) imposed. This is sometimes called the 't Hooft-Veneziano limit.
We define the following quantities in this limit:
2)
with values
These quantities are listed in Table VI . Thus, the nonAbelian Coulomb phase occurs for r in the interval LNN, NACP :
We define the scaled scheme-independent expansion parameter for the LNN limit
As r decreases from r u to r ℓ in the non-Abelian Coulomb phase, ∆ r increases from 0 to a maximal value (∆ r ) max = r u − r ℓ = 3 2 for r ∈ NACP .
(9.8)
B. γM in the LNN Limit
For the analysis of γ M at the superconformal IRFP, we define rescaled coefficientsκ j,F
that are finite in this LNN limit. The anomalous dimension γ IR is also finite in this limit and is given by To construct a rescaled anomalous dimension at the superconformal IRFP that is finite in the LNN limit, we defineγ The rescaled beta function that is finite and nontrivial in the LNN limit is 15) with the series expansion The first two rescaled coefficients of the beta function, which are scheme-independent, arê
In the DR scheme,b
In the LNN limit, one has the scheme-independent twoloop result
At the three-loop level, x IR,3ℓ is the physical root among the two roots of the quadratic equationb 1 +b 2 x + b 3 x 2 = 0. It is convenient to define two auxiliary polynomials:
These inputs were used to calculate β ′ IR in the LNN limit [8, 9] . At two-loop order, one has the schemeindependent result,
At the three-loop order [8, 9] 
We list the values of β ′ IR,2ℓ and β ′ IR,3ℓ in Table VII . We find that the four-loop beta function does not exhibit a physical (i.e., real, positive) IR zero over a substantial portion of the NACP interval 3/2 < r < 3. Specifically, extracting the prefactor proportional to x 2 in β ξ,4ℓ , we find that, as r decreases from its upper bound of r = 3 in the NACP, the equationb 1 +b 2 x +b 3 x 2 +b 4 = 0 ceases to exhibit a physical zero as r decreases below r 0 = 2.6165. We recall that we found that although the n-loop beta function had a physical IR zero for n = 2, 3, and 4 loops in the corresponding nonsupersymmetric SU(N c ) theory with N f fermions with R = F , this was not the case at the five-loop level [37] , and in the LNN limit, as r decreased below its upper limit of 5.5, the five-loop beta beta function ceased to exhibit a physical IR zero as r decreased through the value r cx = 4.3226 (as given in Eq. (5.3) of [16] ). Thus, this complication appears at one loop lower (i.e. at the four-loop level) in the present supersymmetric theory, as compared with the case of the nonsupersymmetric theory with the same G and R. This shows again the advantage of the schemeindependent expansion method, since it does circumvents the explicit extraction of α IR,nℓ (here, x n,ℓ in the LNN limit) in order to calculate values of physical quantities at the IRFP.
For the scheme-independent expansion, in addition to the rescaled quantity ∆ r defined in Eq. (9.7), we define the rescaled coefficient In Table VII we list the (scheme-independent) values that we calculate for β To obtain a rough estimate of the interval in r in which this small-∆ r expansion is reliable, we follow the same procedure as before for finite N c and N f . Analogously to Eqs. (8.19) Since the lower end of the non-Abelian Coulomb phase occurs at r ℓ = 3/2, this analysis suggests that the small-∆ r expansion may be reasonably reliable for a substantial part of this phase, extending down from r = 3 to around r ∼ 1.8.
In the present LNN limit, the condition that β where the numerical value is given to the indicated floating-point accuracy.
(The other root of the quadratic, with the opposite sign in front of the square root, is r = 3.861627, which is greater than r u = 3 and hence is not relevant.) Evidently, r 0 is less r ℓ = 1.5, i.e., it lies below the lower end of the non-Abelian Coulomb phase and well below the region in r where the small-∆ r expansion is expected to be reliable, based on our analysis of ratios ofd j above.
In the LNN limit, the result (8.33) from [38] is
Analogously to our discussion above for finite N c and N f , here in the LNN limit, given that the ∆ r series expansion for β ′ IR starts from the other end of the NACP at r = 3, i.e., ∆ r = 0, we would not anticipate that our series expansion to O(∆ we may observe at least that as r decreases toward the lower end of the NACP, β ′ IR curves over and decreases, approaching the zero at r 0 . As was true of our analysis for finite N c and N f , given the limited order in the ∆ r series expansion to which we have calculated β ′ IR and our estimate of the region over which this expansion may be used reliably, we consider that our results are consistent with the behavior (9.44).
In view of (9.44), it is of interest to study a structural form for β ′ IR,LN N that incorporates a double zero at r = 3/2, via the factor [1 − (2/3)∆ r ] 2 as well as the double zero at r = 3, as embodied in the factor (3 − r) 2 = ∆ 2 r . We thus write It is also of interest to calculate and analyze Padé approximants. For this purpose, it is convenient to define a reduced (red.) function normalized to be equal to unity at ∆ r = 0: The poles of the approximant occur at the complexconjugate points
These have magnitude In this context, one may ask what the analogous calculations would have yielded in the case of a nonsupersymmetric SU(N c ) gauge theory in the same LNN limit. In our previous analyses [15, 16] We emphasize, however, that this procedure is obviously nonrigorous, since these Padé approximants in the supersymmetric theory only contain information from thed j with j = 2, 3, 4.
X. CONCLUSIONS
In this paper, we have presented several new results on an asymptotically free, vectorial, N = 1 supersymmetric gauge theory with gauge group G and N f pairs of chiral superfields in the respective representations R andR of G, having an infrared fixed point of the renormalization group at α IR in the non-Abelian Coulomb phase. At this point, the theory has superconformal invariance. We have derived exact expressions for the anomalous dimension, γ Φ prod , of a composite chiral superfield consisting of a (holomorphic) product of an arbitrary number of meson, baryon, and conjugate baryon superfields M , B, andB, evaluated at a superconformal IR fixed point of the renormalization group. We have proved that γ Φ prod , increases monotonically with decreasing N f in the non-Abelian Coulomb phase of the theory and that scheme-independent expansions for these anomalous dimensions as powers of an N f -dependent variable, ∆ f , exhibit monotonic and rapid convergence to the exact γ Φ prod throughout this phase. However, in contrast to the behavior of γ M , which saturates its upper bound at the lower end of the NACP, this is not, in general, the case for either γ B or γ Φ prod . In particular, γ B saturates is conformal upper bound of 1 if and only if N c = 2, in which case, the operator B is equivalent to M . Finally, we have presented and analyzed scheme-independent calculations of the derivative of the beta function, β (2, 3) , N f,mc,(2,3) −N ℓ , N f,mc, (3, 4) , and N f,mc, (3, 4) −N ℓ for the illustrative cases 2 ≤ Nc ≤ 4. For notational brevity, the subscripts mc are suppressed.
Nc N ℓ N f,b2z Nu N f, (2, 3) N f, (2, 3) − N ℓ N f, (3, 4) N f, (2, 3) (2, 3) , r mc,(2,3) − r ℓ , r mc, (3, 4) , and r mc, (3, 4) − r ℓ in the LNN limit.
r ℓ r b2z ru r mc,(2,3) r mc,(2,3) − r ℓ r mc, (3, 4) r mc,(2,3) − r ℓ 3/2 3/2 3 3/2 0 1.8370 0.3370 with 1 ≤ p ≤ 3, together with the exact γB,F , for G = SU(3) and R = F , as a function of N f , at an IRFP in the non-Abelian Coulomb phase for this theory. In this and the later figures, we consider N f to be generalized from integers in the NACP to real numbers [22] . For notational simplicity, the vertical axis is labeled simply as γB. At N f = 8, from bottom to top, the curves (with colors online) refer to γB,F,∆ (red), γ B,F,∆ 2 f (green), γ B,F,∆ 3 f (blue), and the exact γB,F (black). 
